This paper describes a mathematical model which solves the 1D unsteady flow over a mobile bed.
INTRODUCTION
Nowadays, due to the limitations of the measured hydraulic data on the one hand and the development of numerical methods on the other, mathematical simulation of the flow behavior, sediment discharge, aggradation and degradation processes is necessary and unavoidable. Over the last three decades, refined numerical modeling of alluvial rivers has received considerable attention in the field of river engineering for the purposes of hydropower generation, flood control and disaster alleviation, water supply and navigation improvement as well as environmental enhancement.
A large number of numerical river models for the watersediment-morphology fluvial system have been developed.
The models have been used as one of the primary tools in river hydraulics research and engineering practice.
Regarding the bed load evolution, many attempts have been accomplished in recent decades to understand and analyze particle motion and to evaluate the bed load. These proposed methods are based on statistical correlations, a combination of the theoretical models, logical assumptions and the experimental information. However, because of the actual restrictions in understanding the mechanism and complex motion of particles, a general analyzing procedure
has not yet been established.
Flow model over a mobile bed
The one-dimensional modeling of unsteady sediment transport and bed evolution in alluvial channels is most often performed Among this research one can refer to a few analytical models for channel aggradation and degradation (Soni et al. 1980; Gill 1983a Gill , b, 1987 Ribberink & Van der Sande 1985; Zhang & Kahawita 1987 , 1990 Begin 1988; Lenau & Hjelmfelt 1992) .
While this type of analytical model provides an easy-to-use approach to predict the response of river channels to change simple water and sediment hydrograph or base lowering, these models are based heavily on assumptions. First, the flow is assumed to be quasi-steady, leading to the elimination of @h/@t and @u/@t in the water-sediment mixture continuity and momentum equations. Second, in the momentum equation the nonlinear convective acceleration term U@U/@x is ignored, yielding a diffusion model for the bed elevation evolution (Soni et al. 1980; Gill 1983a, b; Begin 1988; Lenau & Hjelmfelt 1992) . A slightly modified kind of model, namely a hyperbolic model, has been developed by including the nonlinear convective effect to some extent using a perturbation technique (Ribberink & Van der Sande 1985; Gill 1987 : Zhang & Kahawita 1987 , 1990 . Finally, in the sediment continuity equation the sediment storage term is almost exclusively not taken into account in order to make the analytical solution tractable. One of the major challenges in using these analytical models is the determination of the model coefficients involved. Additionally, it appears not to be encouraging to use these analytical models with highly variable hydrographs (complicated boundary conditions).
More comments on these analytical models can be found in Zanre & Needham (1996) . Currently, finite difference techniques in the simulation of unsteady flow with movable bed in open channels have become a predictive mathematical tool. In recent years, a large variety of them have been applied and a comparison among them is extremely difficult to make. These one-dimensional (1D) numerical river models have been applied with two fundamental aspects. The first aspect is associated with simplifications in the governing equations. Alluvial flows over erodible beds are distinguished from those over fixed beds in that the flow may entrain sediment from the bed or, in contrast, cause the sediment carried by the flow to be deposited on the bed, which usually causes river bed degradation or aggradation. This is referred to as the bottom mobile boundary problem. At the same time, the water-sediment mixture may have properties different from clear water. In spite of these apparently known features of erodible-bed flows, it is often assumed that the rate of bed morphological evolution is of a lower order of magnitude than flow changes with adequately low sediment concentration. Accordingly, the water-sediment mixture continuity equation is almost exclusively assumed to be identical to that for a fixed-bed clear-water flow without considering the river bed mobility, i.e. @z/@t in Equation (1) is neglected (e.g. Cunge et al. 1980; Jaramillo & Jain 1984; Holly & Rahuel 1990; Needham 1990; Morse et al. 1991; Needham & Hey 1991; Wormleaton & Ghumman 1994; Cui et al. 1996; Zanre & Needham 1996; Sieben 1999) . The effect of this treatment appears to have been quantitatively addressed only by Correia et al. (1992) and discussed by Rahuel (1993) . Stevens (1988) claimed that bed mobility is important for complete coupling of water and sediment in discussing Lyn's (1987) analysis. The second aspect to be considered is the numerical solution procedure of the coupled system of governing equations. The watersediment-morphology fluvial system is strongly coupled, as clearly demonstrated in the formulated partial differential Equations (1)-(3) and with the auxiliary closure relations (4) and (5). In existing numerical models, these equations are mostly solved in an asynchronous procedure. Specifically, in a given time step, the mixture continuity and momentum equations are solved, assuming negligible bed change rate (or fixed morphology). Then the sediment continuity equation is solved, using the newly obtained flow variable. Models involving the asynchronous solution are usually referred to as decoupled. There have been semi-coupled models in which the flow and bed equations are solved iteratively in a given time step (Park & Jain 1986 Kassem & Chaudhry 1998) .
There is an ongoing debate about which approach is the most suitable for morphological river modeling. Decoupled models have been criticized as being mathematically ill-posed and numerically unstable; incapable of handling rapidly changing boundary conditions or supercritical flow (Lyn 1987, Correia 
Bed load transport
Bed load transport is a basic factor in determining the morphologic development of alluvial river reaches. Few bed load discharge equations were available at the beginning of the systematic regulation of rivers, but since the middle of the 20th century a variety of bed load discharge formulae have been developed. They are the result of laboratory investigations with controlled boundary conditions, equilibrium transport and bed level stability. At the end of the 1970s numerical sediment transport models allowed the calculation of river bed level changes over lengthy periods of time (Subcommittee on Sedimentation 1988). Existing bed load discharge formulae have been classified by Graf (1971) into Du
Boys-type equations (Du Boys 1879) that have a shear stress relationship, Schokitsch-type equations (Schoklitsch 1934) that have a discharge relationship and Einstein-type equations (Einstein 1950 ) that are based upon statistical consideration of lift forces. Additionally, Gomez & Church (1989) distinguished stream power equations (see, e.g., Bagnold
1980).
Numerous bed load discharge equations have been derived hitherto, but only a limited number of field studies are available for validation or for the further development of formulae. Major reviews of bed load discharge formulas (see, e.g., Johnson 1939; Vanoni et al. 1961; Shulits & Hill 1968; White et al. 1973; Mahmood 1980; Carson & Griffith 1987; Zanke 1987; Gomez & Church 1989; Chang 1994; Reid et al. 1996 , Lopes et al. 2001 were performed using either laboratory data or field data. The use of prototype data allows a more realistic evaluation of bed load formulae. In many of the evaluations, the formulae, the fit or appropriateness of the formulae self-evidently gave good results.
Most evaluations concluded with a recommendation or representative formula, but no universal relationship between bed load discharge and hydraulic conditions was established. A recent review (Wilcock 2001) highlights the reasons why one cannot expect highly predictive power under selected prototype conditions. Generally, there is a lack of field data with which to test and to verify formulae, or to deal with sediment transport complexities related to a deficit of bed load. Most of the formulae rely on a limited database, untested model assumptions and a general lack of field data. Consequently, the application of many formulae is limited to special cases of their development; only a few are generally accepted for practical use, for the formulae were based on their applicability to gravel bed rivers. One can refer to Schoklitsch (1934); Meyer-Peter & Mü ller (1948) , Einstein (1950) , Yalin (1963) and Parker et al. (1982) for equilibrium conditions and Zanke (1987) , Sun & Donahue (2000) and Wilcock & Crow (2003) 
Momentum ðfor waterÞ ð 2Þ To close the governing Equations (1)- (3), the flow resistance and sediment discharge need to be specified. In this study, the friction slope is determined via the Manning relation:
where m is the Manning roughness coefficient and R h is the hydraulic radius.
The following relationship for unit sediment discharge is used here:
where d ¼ coefficients depending on sediment characteristics.
Equations (1)- (3) The system used here is the conservative system, applying the above form to that system with source terms included:
Step 1 At grid point i
Now, at grid point iÀ1:
Step 2:
where j is the source term defined by
Higher-order schemes like the Richtmyer scheme usually produce numerical oscillations near the steep wave fronts. These oscillations, caused by the dispersive errors associated with the odd leading term in the truncation error, may be dampened by introducing artificial viscosity.
For this purpose, a procedure developed by Jameson et al. (1981) may be used.
First the variables C and G are defined as
where the final values are corrected as 
BOUNDARY CONDITIONS
In order to calculate the values of h, u and z at nodes 1 and k þ 1, for the subcritical flow conditions according to the characteristics method (Vardy 1977) , two upstream boundary conditions and one downstream boundary condition should be known.
The upstream boundary condition is the inlet hydrograph of the flood. Using the characteristics method, other dependent variables are calculated as follows. At the upstream, first, the values of h 1 n þ 1 and u 1 n þ 1 are obtained by defining the values of variables at point R and using the inlet hydrograph.
Then the value of x R n is corrected. Using the corrected values, the operations are iterated until the desired convergent solution is achieved. In this way, the values of the unknown variables at the upstream nodes is obtained:
The downstream boundary condition is the dischargedepth diagram. Therefore, the same procedure as for the upstream boundary nodes is used, considering the positive slope of the characteristics curve (Vardy 1977) .
Stability. For stability, the Richtmyer scheme must satisfy the Courant-Friedrichs-Lewy (CFL) condition (Courant et al. 1928) . It is given for a rectangular section by the following formula:
in which C n is the Courant number and Equation (25) must be satisfied at every grid point for the scheme to be stable. at the interior nodes (i ¼ 2,y,k) are computed by using Equations (6)- (11), and their values at the boundaries (i ¼ 1 and i ¼ k þ 1) are computed by using the boundary conditions. Then, h, q and z at the end of time interval Dt, i.e., h i n þ 1 , q i n þ 1 , and z i n þ 1 are determined by using Equations (12) and (13). The values determined in step 2 are modified to dampen higher-order oscillations by using the procedure presented before. h i 1 , q i n , and z i n for the next time interval are set equal to h i n þ 1 , q i n þ 1 , and z i n þ 1 , respectively, and the time interval Dt for the next step is determined from Equation (25). The procedure is repeated until the required time is reached.
COMPUTATIONAL PROCEDURE
The coupling of flow equations and the sediment continuity equation are achieved in this method because it uses a kind of two-level predictor-corrector approach. Strictly speaking, there is no coupling during the first step. However, the predicted values of h and q are both used to determine q s and evaluate the spatial derivative term in Equation (3). Then in the second step, the ultimate computation of each dependent variable at the end of the time step takes into account the changes in all the other variables. On the other hand, coupling is not achieved if Equation (3) is solved after completely solving Equations (1) and (2).
TEST OF MODEL Aggradation due to sediment overloading
The model presented in the previous sections was used to simulate the aggradation process observed by Soni et al. (26) and therefore z at the unknown time level k þ 1 could be calculated:
The downstream boundary condition was the constant depth, which was specified by h(kDx,t) ¼ h 0 for all tZ0.
This was based on the assumption that the channel was long and the bed transients would not reach the downstream end within the period for which conditions were computed and that the variation in flow depth would be negligible. Due to this hydrograph, both aggradation and degradation occurs. The initial conditions are specified using the measured water and bed level profiles at t ¼ 0.
The flow rate and sediment input at the upstream and measured depth at downstream is imposed as boundary conditions. Table 1 .
Qualitative methods
In these methods, the m value is chosen from a similar river with the same characteristics (morphological, hydraulic and geometric). Photographic methods or tables are used for this purpose (French 1986) . In this method 0.034rmr0.039 is obtained.
Direct measurement method
In this method m is estimated directly from discharge, water surface slope and hydraulic geometry of the channel in a representative reach. The length of the reach should be greater than or equal to 75 times the mean depth of flow and the fall of the water surface should be equal to or greater than 0.15 m. By applying the slope-area method, m can be estimated directly from the following formula (Bathurst 1986; French 1986 ): 
Bed load data-measurement
Bed load discharge field data (under uncontrolled bed equilibrium conditions) were collected from two Aland River sites The Helley-Smith sampler has an intake opening of 152 mm Â 152 mm, with a mesh bag of 4000 cm 2 and mesh size of 0.2 mm, which made it useful for this study as it can catch large sized particles. The bed load measurements were carried out mostly in the afternoon as water discharge started to rise at this time and gain its peak value (because of the snowmelt regime). These measurements were continued till sunset and in some occasions after sunset. The duration of sampling depended on the bed load discharge to ensure that only 30% of the basket was filled (Hubbell et al. 1986 ). In principle, the Helley-Smith sampler was employed in the manner prescribed by Emmett (1980) . The sampling lasted At each vertical, three individual samples were obtained to remove short term fluctuations of the bed load (see, e.g., Ergenzinger 1992) . Averaging of the three values allows one to obtain the mean transport rate per vertical. To check and maintain the quality of the collected data, the standards adopted by Bathurst et al. (1985) were followed during a bed load data collection study. Bed load data were collected according to the following conditions:
The water and bed load discharge were steady during the period of measurement, i.e. when the discharge varied less than 5% throughout the sampling period, normally about 12 h. The bed load discharge varied with the water discharge;
and The maximum possible bed load flux occurred, i.e. bed load transport was at capacity.
In addition to bed load sampling, hydraulic and sedimentological data were obtained. These included the following parameters: water discharge, flow width and depth, bed and water surface slopes, and grain size distributions of bed load, subsurface and surface bed material (see Figure 14) .
MODEL PERFORMANCE AND RESULTS
Due to the direct path, the absence of sharp variations in the longitudinal profile of the bed, fixed width walls in the high flow rates and finally a large ratio of width/depth, the simulation of river flow is considered as one-dimensional.
According to the inlet hydrograph in Figure 6 , the flow rate increases from Q 1 ¼ 27 m 3 /s to Q 2 ¼ 80 m 3 /s in the period of t 1 ¼ 2400 s and then decreases during the period of t 2 Àt 1 ¼ 6600 s.
To investigate the proposed mathematical model ( 
Evaluation of bed load transport formulae
The collection of good quality bed load transport data is expensive and time-consuming. Therefore it is unavoidable to rely on predicted bed load transport rates determined from existing equations. The predictive abilities of the bed load transport formula for the Aland River were unknown due to lack of field measurements for testing. Therefore, eight formulae based on their applicability to gravel and coarse bed rivers (by considering the range of validity of formulae with measured data) were applied for the prediction of bed load discharge in the Aland River. These formulas are divided into:
(a) Shear-stress-based formula (Schoklitsch 1934; MeyerPeter & Mü ller 1948; Yalin 1963) . Formulae based on thresholds are sensitive to the value of the initiation of motion, depending on the grain size. For practical purposes the reach-averaged, non-dimensional Shields stress (Graf 1971) :
was calculated, where t bottom shear stress; (sÀ1) ¼ Table 2 show that, by using the grain size of the bed surface layer to evaluate the bed load discharge, a larger relative error will occur compared to the other two cases. Therefore, the estimation of the bed load rate using the physical properties of the bed subsurface layer and bed material load give rise to better results. Table 2 shows that using bed material grain size leads to smaller errors in comparing with subsurface layer grain size.
(2) According to Figures 15(d) , 15(e) and Table 2 , due to large errors, the Yalin (1963) and Parker et al. (1982) equations fail to predict this reach. Sun & Donahue (2000) and Wilcock & Crow (2003) that allow the calculation of bed load discharge for both conditions perform better for high flow rates (see Table 2 ).
(5) According to Figure 15 and Table 2 , the formulae applicability varies depending on water flow rate: they should be split into two categories, transport rates that occurred during low water flow rate and transport rates that occurred during high water flow rate.
(6) For weak bed load discharge, the threshold shear stress formula perform comparatively well in this reach. It is apparent that care must be taken in applying any of the existing bed load discharge formulae to a particular river reach and, even then, the results are dubious unless augmented by some bed load measurements. Unfortunately, this
indicates that, at present, one cannot predict bed load transport discharge with any degree of reliability without an adequate number of observations to guide us in choosing the appropriate formula.
CONCLUSION
This paper has described a mathematical model which solves the 1D unsteady flow over a mobile bed; it is based on the Secondly, the bed load transport rate was considered in a natural gravel bed river. For this purpose, comparison between measured data and calculated bed load discharge in the Aland River indicates that, by using the grain size of bed surface layer to predict the bed load discharge, a larger relative error will occur compared to the other two cases. 
